Over the last decade, the control of atomic-scale electronic motion by optical fields strong enough to mitigate the atomic Coulomb potential has broken tremendous new ground with the advent of phase-controlled high-energy few-cycle pulse sources. Further investigation and control of these physical processes, including high-harmonic generation, ask for the capability of waveform shaping on sub-cycle time scales, which requires a fully phase-controlled multiple-octave-spanning spectrum. In this paper, we present a light source that enables sub-cycle waveform shaping with a two-octave-spanning spectrum and 15 μJ pulse energy based on coherent synthesis of pulses with different spectra, or wavelength multiplexing. The synthesized pulse has its shortest high-field transient lasting only 0.8 cycles (amplitude FWHM) of the centroid frequency. The benefit of the approach lies in its modular design and scalability in both bandwidth and pulse energy. Full phase control allows for the synthesis of any optical waveform supported by the amplified spectrum. A numerical study shows the uniqueness of the light source for direct isolated soft-x-ray pulse generation based on high-harmonic generation, greatly reducing and eventually even eliminating the need for gating techniques or spectral filtering. The demonstrated system is the prototype of a class of novel optical tools for attosecond control of strong-field physics experiments.
Introduction
Since the invention of mode-locked lasers, the ultrafast laser science community has seen tremendous progress towards better phase control, broader optical bandwidths, and shorter pulse durations. Better phase control and frequency comb techniques have revolutionized optical frequency metrology, optical atomic clocks and high-precision spectroscopy [1, 2] . Broader bandwidth in coherent and phase-controlled sources has also led to breakthroughs in biomedical imaging [3] 5 Author to whom any correspondence should be addressed. and astrophysical spectrography [4] . Shorter pulse durations then have enabled ultrafast pump-probe experiments to reveal the electronic and molecular dynamics critical to the understanding of condensed matter [5] , and chemical [6] and biological [7] processes. Meanwhile, the study of highfield physics such as laser plasma interaction has demanded optical pulses of ever higher pulse energies and peak powers [8] . Chirped pulse amplifiers (CPAs) have been developed and are intensively employed nowadays as the basic enabling technology for the study of high-field physics [9] .
In recent years, the investigation of phenomena at the intersection of ultrafast and high-field laser physics, Figure 1 . Scheme of the high-energy optical waveform synthesizer. Two CEP-stabilized, few-cycle OPCPAs centred at different wavelengths are coherently synthesized to produce isolated high-energy non-sinusoidal optical waveforms at 1 kHz repetition rate. A BOC-assisted feedback loop allows attosecond-precision relative timing stability and ensures the coherent synthesis of the two OPCPA pulses. Full control over the optical phase, enabled by the inclusion of an AOPDF in each OPCPA, allows for any optical waveform given the amplified spectrum. A 2DSI is used to characterize the synthesized pulse. BOC: balanced optical cross-correlator; 2DSI: two-dimensional spectral-shearing interferometer; YDFA: ytterbium-doped fibre amplifier; SHG: second-harmonic generation; DFG: difference-frequency generation; BPF: bandpass filter.
such as high-harmonic generation (HHG) [10] and strongfield ionization [11] , has demanded that laser sources combine each of the improvements mentioned above. The development of close-to-single-cycle, carrier-envelope phase (CEP)-controlled high-energy optical pulses has already led to the generation of isolated attosecond pulses in the EUV range [12] , expanding ultrafast spectroscopy to attosecond resolution [13, 14] . However, further investigation and control of these physical processes demand even more from laser technology, simultaneously requiring full phase control, multi-octave-spanning bandwidth and peak intensities of 10 14 W cm −2 and above. Such features would allow arbitrary shaping of the strong electric-field waveforms for steering ionized electron wavepackets [15] and precise control of tunnelling and multiphoton ionization events. To date, no single laser source can support a bandwidth of more than an octave [16, 17] . To extend the laser spectrum, there are in general two directions: (1) nonlinear mixing of high-intensity laser light to reach new wavelength ranges, and (2) coherent synthesis of the multi-wavelength output from intense lasers.
Supercontinuum generation [12, [18] [19] [20] [21] and molecular modulation [22] [23] [24] [25] [26] are two established nonlinear mixing techniques to expand the laser bandwidth to multiple octaves. Supercontinua with a bandwidth close to two octaves and a pulse energy in the micro-joule range have been demonstrated by self-channelling of a 5 fs laser pulse in helium at high pressure, and the further dispersion management by chirped mirrors has recently led to the generation of isolated suboptical cycle pulses [27] . On the other hand, with pulse energy at the nano-joule level, molecular modulation provides the broadest spectrum ever (more than two octaves), and periodic electric-field waveforms with square or triangle shapes have been demonstrated recently [26] .
Coherent synthesis of pulses with different spectra, or wavelength multiplexing, presents another route towards obtaining a multi-octave-spanning laser spectrum. The benefit of this approach lies in its modular design and scalability in both bandwidth and pulse energy. Attempts to combine two independent mode-locked lasers have seen some success, e.g. for frequency metrology [28, 29] , but are challenging because of the differential phase noise beyond the achievable feedback loop bandwidth. This problem was initially circumvented by coherently adding two pulse trains derived from the same fibre laser, resulting in the first demonstration of an isolated single-cycle optical pulse source [30] . This proved the feasibility of pulse synthesis at the nano-joule level, but achieving high pulse-energy requires synthesis of low-repetition-rate pulses, which is a challenge because of the environmental perturbations typical of highenergy amplifiers. Ultra-broadband optical parametric chirped pulse amplifier (OPCPA) is the most promising technology for producing wavelength-tunable, high-peak-power and highaverage-power, few-cycle optical pulses with good pre-pulse contrast [31] . Ultra-broadband OPCPAs also maintain good CEP stability due to the low thermal load and the small dispersion required to stretch and compress the signals. Thus, the OPCPA stands out as the ideal building module for high-energy pulse synthesis. An approach to high-energy pulse synthesis based on combining the pump and its second harmonic, signal, and idler of a multi-cycle optical parametric amplifier is being investigated and periodic non-sinusoidal electric-field waveforms under a multi-cycle envelope have been demonstrated recently [32] .
In this work, we demonstrate the coherent synthesis of the already few-cycle pulses from two ultra-broadband OPCPAs, working in the near-infrared (NIR) and the shortwavelength infrared (SWIR) respectively. Our source allows the generation of isolated high-energy non-sinusoidal optical waveforms with full phase control capability over the spectra spanning close to two octaves [33] . Figure 1 shows a schematic of the system. It starts with an actively CEPstabilized octave-spanning Ti:sapphire oscillator. The output of the oscillator is used to seed the two OPCPAs as well as the ytterbium-doped fibre amplifier (YDFA)/Nd:YLF hybrid Figure 2 . Scheme of the CEP-stabilized octave-spanning Ti:sapphire oscillator. The output of the oscillator is used to seed the two OPCPAs as well as the YDFA/Nd:YLF hybrid CPA, which pumps the two OPCPAs. DM: dichroic mirror; OC: output coupler; DCM: double-chirped mirror; DPSS laser: diode-pumped solid-state laser; BPF: bandpass filter; APD: avalanche photodiode; DPD: digital phase detector; LF: loop filter; AOM: acousto-optic modulator. All DCMs are coloured in black and all silver mirrors are coloured in grey. CPA, which pumps the two OPCPAs. Outputs from the two OPCPAs are combined in a broadband neutral beamsplitter. A feedback loop based on a balanced optical cross-correlator (BOC) [34] , allowing attosecond-precision relative timing stability, is implemented to ensure the coherent synthesis of the two pulses. Furthermore, the inclusion of an acoustooptic programmable dispersive filter (AOPDF) in each OPCPA allows independent spectral phase and amplitude adjustment of each pulse, enabling control and optimization of the synthesized waveform. Overall, a pulse energy of 15 μJ is obtained with a bandwidth close to two octaves and the shortest high-field transient lasting only 0.8 cycles (amplitude FWHM) of the centroid frequency. By simulation, we present an example of the unique features of our source as a driver for HHG. The paper is organized as follows. Section 2 shows the setup and characterization of the Ti:sapphire oscillator which is used as the very first component for driving the whole laser architecture. Section 3 presents the mechanisms for generating the seeds and the pumps of both OPCPAs. Section 4 shows the setup and characterization of the OPCPAs. Section 5 presents the mechanisms for synthesizing the two pulses and the control over the important parameters. An example illustrating the unique features of our source as a driver for HHG is presented in section 6. Finally, we summarize our results in section 7. Figure 2 is the schematic of the Ti:sapphire oscillator (IdestaQE Octavius-85M) and it is similar to the one described in [16] . Pumped with 6 W of 532 nm light (Coherent Verdi V6), the oscillator outputs an average power of 200 mW with a repetition rate of 85 MHz. The optical cavity is set up in an astigmatism-compensated x-folded geometry employing two concave double-chirped mirrors (DCMs) with 75 mm radius of curvature. The dispersion of the Ti:sapphire gain crystal and the air within the cavity is precisely compensated by DCM pairs, a BaF 2 plate and a BaF 2 wedge pair. BaF 2 's low ratio of the group-delay dispersion and the third-order dispersion allows the design of octave-spanning DCMs with 99.9% reflectivity from 580 to 1200 nm. Finally, a broadband quarter-wave ZnSe/MgF 2 output coupler that transmits more on the spectral edges than the centre helps reshape the output spectrum to achieve a bandwidth of an octave. Figure 3(a) shows the output spectrum of the oscillator, showing that the octave is reached at the spectral density of −25 dB. The output of the oscillator is split in a dichroic mirror (DM) that transmits the light from 650 to 1050 nm and reflects the light below 650 nm and above 1050 nm. The transmission port is used for seeding the rest of the system, and the reflection port is directed into a f -2f self-referencing interferometer for locking the CEP of the oscillator. A collinear configuration is chosen for its robustness against environmental noise. Six bounces on DCMs are employed for proper group-delay adjustment to maximize the CEP-beat signal. After the DCM-based delay line, the beam is focused onto a 1 mm thick type-I β-barium borate (BBO) crystal for second-harmonic generation (SHG). The emitted SHG light and the fundamental light are spatially filtered using an iris diaphragm, spectrally filtered using a 10 nm interference bandpass filter (BPF) centred at 570 nm, and directed to a fast avalanche photodiode (MenloSystems APD210). The CEP-offset frequency is locked to a fourth of the oscillator's repetition rate through a phase-locked loop that feeds back to an acousto-optic modulator regulating the pump power, thus shifting the CEP-offset frequency. A digital phase detector is used to increase the capture range (±32π ) beyond a traditional analogue mixer (±π/2). Figure 3 (b) shows the power spectral density (PSD) of the residual CEP fluctuations and the integrated CEP rms phase error (10 Hz to 1 MHz) is 60 mrad. Since the major source of CEP is the intracavity intensity fluctuations introduced by pump laser noise, the phase noise rapidly decays beyond the relaxation frequency that is typically a few hundred kHz. Therefore, the upper limit of the measurement is set to be 1 MHz to exclude the high-frequency noise contributed by the electronics noise floor rather than the laser phase noise itself. Figure 4 shows the all-optical synchronized seed and pump generation scheme. A broadband 10/90 beamsplitter divides the oscillator output into two parts: 10% of the oscillator output is directed to the NIR-OPCPA channel centred around 870 nm while the rest of the output is focused into a 2 mm MgO-doped periodically poled congruent lithium niobate (MgO:PPcLN) crystal with a poling period of 13.1 μm, wherein intrapulse difference-frequency generation (DFG) creates 2.15 μm seed pulses for the SWIR-OPCPA channel. Figures 5(a) and (b) are the spectrum of the two seeds, both reaching a bandwidth of more than half an octave (full width at −20 dB). After the intrapulse DFG stage, a DM and a 4 nm BPF is used to pick up the 1047 nm component for seeding the YDFA/Nd:YLF hybrid CPA, which pumps the two OPCPAs. To suppress amplified spontaneous emission in the Nd:YLF regenerative amplifier (RGA), the seed is pre-amplified to 3 pJ in two YDFAs. The gain of the YDFAs is kept to 10 to avoid parasitic lasing at 1030 nm. The Nd:YLF CPA system consists sequentially of a chirped fibre Bragg grating (CFBG) stretcher, an Nd:YLF RGA followed by two Nd:YLF multi-pass slab amplifiers (MPSAs), and a diffraction grating compressor. The CFBG has a length of 10 cm, super-Gaussian apodization and a chirp rate of 440 ps nm −1 . The grating was inscribed in Nufern PS1060 photosensitive fibre using a phase-mask scanning technique in a Sagnac interferometric configuration. The pulse duration after the Nd:YLF RGA is 110 ps with a bandwidth of 0.25 nm, enough to avoid B-integral-related damage in the Nd:YLF MPSAs. Figure 6 shows the schematics of the Nd:YLF RGA (High-Q Laser) and the Nd:YLF MPSAs (Q-Peak). All Nd:YLF crystals are oriented to operate at the 1047 nm emission line, utilizing the high gain quality. In the RGA, the Nd:YLF crystal is back-coated such that the 1047 nm light is reflected while the 798 nm diode pump is transmitted. A quarter waveplate, a Pockels cell operating at 0
Ti:sapphire oscillator

Seed and pump
• and λ/4, and a thin-film polarizer control the injection and ejection of the RGA pulses. The total cavity length is 1.5 m. To reduce the loss associated with the thermal lensing, a quasi-CW pumping scheme is employed: the crystal is pumped for 450 μs until the seed is injected. A single-pass small-signal gain of 2 can be achieved and the RGA output energy is 1.05 mJ with a shot-to-shot rms energy fluctuation better than 0.5%. The overall RGA gain is more than 90 dB and the output bandwidth is reduced to 0.25 nm due to the strong gain narrowing. The RGA output pulse is then further amplified in the two three-pass Nd:YLF MPSAs. Each Nd:YLF crystal is 28 mm long, 2 mm by 6 mm in aperture, and side pumped with 78 W optical power. Due to the side pumping geometry, the asymmetric thermal lensing introduces astigmatism to the output pulse. A telescope with tilted lenses and cylindrical lenses is thus implemented after each MPSA to correct the astigmatism. Overall, the two Figure 7 . Modular scheme of the two-stage OPCPA. The signal is first stretched by stretcher-1 and then pre-amplified in the first OPCPA stage. The pre-amplified pulse is further stretched by stretcher-2 and finally amplified in the second OPCPA stage. Between the two OPCPA stages, a phase management setup and a spatial filter for mode cleaning and superfluorescence suppression are included. At the end, a bulk material is used to compress the pulses.
Nd:YLF MPSAs offer a gain of 6.3 and an output pulse energy of 5.7 mJ is obtained. The pulse is then compressed using a gold-coated grating pair, where the gratings have a groove density of 1800 lines mm −1 and a diffraction efficiency of 90%. The separation between the two gratings is set to 2.7 m with multiple bounces off dielectric mirrors to achieve a compact setup. The throughput of the diffraction grating compressor is ∼65% and a compressed pulse duration of 12 ps (∼1.3× of the transform limit) is measured using a single-shot autocorrelator. A half waveplate and a polarization beamsplitter then divide the pulse into two parts where 1 mJ is used to pump the SWIR-OPCPA and 2 mJ is first frequency doubled in a 1 cm lithium triborate crystal before being used to pump the NIR-OPCPA. The frequency doubling process has a conversion efficiency of ∼45% and further push to higher conversion is undesirable due to the loss of beam quality.
For the stable operation of OPCPAs, pump and signal pulses must be synchronized to within less than a fraction of their durations. Employment of picosecond pumps, which are advantageous over nanosecond pumps in terms of gainbandwidth product [35] , thus precludes the use of electronic synchronization methods. Thanks to the octave-spanning spectrum of the Ti:sapphire oscillator, direct seeding of a YDFA/Nd:YLF hybrid CPA is possible and thus the pump and signal are optically synchronized. A study of the optical synchronization scheme [36] shows that the residual timing jitter and drift over an hour are well below 1 ps, less than 10% of our pump duration. Day-to-day timing shift between the pump and signal pulses has been observed, but the amount of shift can be easily accommodated by tuning the optical delay line of the pump. Figure 7 shows the modular schematics of both OPCPAs. The signal is first stretched by stretcher-1 to 40-50% of the pump pulse duration and then pre-amplified in the first OPCPA stage to 1-2 μJ with a gain of 50-60 dB. The pre-amplified pulse is further stretched to 70-80% of the pump pulse duration by stretcher-2 and finally the signal is amplified to 20-30 μJ with a gain of 20-30 dB. Of note, the gain of the pre-amplifier and the power-amplifier are significantly different and thus the stretching ratios for the signal have to be different for simultaneously optimizing energy conversion, amplification bandwidth and signal-tonoise ratio [37] . Between the two OPCPA stages, a fine phase management setup (for example, the AOPDF in our system) and a spatial filter for mode cleaning and superfluorescence suppression are included. While the fine phase management setup enables control and optimization of the synthesized waveform, it inevitably introduces signal loss and thus it is generally better to place it between the pre-amplifier and the power-amplifier for simultaneous optimization of output power and superfluorescence suppression: if placed before the pre-amplifier, its losses directly reduce the signal-to-noise ratio, which is set by the ratio of seed power to equivalent noise energy in vacuum modes [38] . Placed after the poweramplifier, its losses reduce the output power. An effective spatial filter, created by setting the pump beam width less than a half of the signal beam width and placing the nonlinear crystal a few diffraction lengths away from the signal focus, improves the beam quality and eliminates the phase-matched, superfluorescence-dominated high-order spatial modes of the signal. If the initial signal-to-noise ratio is particularly low, such as for our SWIR-OPCPA, an additional iris diaphragm is implemented for the same purpose. At the end, a bulk material is used to compress the pulses to their transform limit.
Optical parametric chirped pulse amplifiers
For the SWIR-OPCPA [39] , a 30 mm bulk silicon block is used as stretcher-1 to stretch the signal to 5 ps. The signal is pre-amplified to 1.5 μJ in a 3 mm MgO:PPcLN with a poling period of 31.0 μm, pumped with 150 μJ pulses. The preamplified pulse is further stretched to 9.5 ps by an AOPDF which also serves as a fine phase management setup. Of note, the AOPDF can also shape the output spectrum but care has to be taken to ensure sufficient seed energy for the power-amplifier. The gain medium for the power-amplifier is a 3 mm MgO-doped periodically poled stoichiometric lithium tantalate crystal (MgO:PPsLT) with a poling period of 31.4 μm, pumped with 750 μJ pulses. The output pulses have 25 μJ energy and can be compressed to nearly transformlimited 24 fs duration in a 300 mm broadband anti-reflection coated Suprasil-300 glass block. For the NIR-OPCPA [33] , a Brewster prism pair with 1 m apex-to-apex distance stretches the signal to 5 ps. The signal is pre-amplified to 2 μJ in a double-pass, non-collinear (2.4
• pump-signal angle) geometry in a type-I, 5 mm long BBO crystal cut at θ = 24
• , and pumped with 250 μJ pulses. The pre-amplified pulse is further stretched to 6.2 ps by a combination of a Treacy grating pair and an AOPDF. The gratings have a groove density of 300 lines mm −1 and the separation between the two gratings is 82 mm. The Treacy grating pair is included in order to balance the excess high-order dispersion introduced by the Brewster prism pair. Additionally, the CEP drift caused by a Treacy grating pair due to temperature fluctuation is opposite in sign to that of a Brewster prism pair [40] and thus the inclusion of a Treacy grating pair improves the long-term CEP stability. Again the AOPDF also serves as a fine phase management setup here. The gain medium for the power-amplifier is the same as the first OPCPA stage, but pumped with 650 μJ pulses. The output pulses with an energy of 25 μJ are then compressed to 9 fs in a 40 mm Brewster-cut N-LaSF9 glass block. Figures 8 and 9 show the characterization of the two OPCPAs. Both OPCPAs reach bandwidths of more than half an octave (full width at −20 dB) and the combined spectrum spans over 1. of its own repetition rate and the same frequency is used as the master clock of the whole system, the CEP of the NIR-OPCPA is actively stabilized. On the other hand, the CEP of the SWIR-OPCPA is in addition passively stabilized due to the intrapulse DFG process used to produce the seed [41] .
Using an f -3f interferometer and five-shot integration, the CEP stability of the SWIR-OPCPA was verified with an rms fluctuation of 127 mrad ( figure 9(a) ). An f -2f interferometer with five-shot integration was used to verify the CEP stability of the NIR-OPCPA, which shows an rms fluctuation of 135 mrad ( figure 9(b) ). CEP stabilization of both OPCPAs is an important first step toward the coherent synthesis. Its role and the effect of the residual fluctuations will be discussed in the following sections.
Coherent synthesis
Outputs from the two OPCPAs are individually collimated with the diameter of the SWIR-OPCPA 2.5 times larger than that of the NIR-OPCPA and then combined in a broadband neutral beamsplitter. When focused, the two beams at the focus have the same spot size and this 'constant waist width' configuration [42] offers the unique property that the temporal pulse form remains unchanged upon propagation, whereas distortion appears in the near-field when the 'constant diffraction length' configuration is used [42] . The overall spectrum spans over 1.8 octaves and the energy of the synthesized pulse is 15 μJ. The phase coherence between the two OPCPA pulses is ensured by the following procedure (figure 10): we first ensure stabilization of the CEPs of the NIR-OPCPA pulses (φ 1 ) and SWIR-OPCPA pulses (φ 2 ) (see figure 9) , and then stabilize the relative timing between the two OPCPA pulses ( t). Precise stabilization of these three parameters is required for coherent synthesis of the two OPCPA pulses, and subsequent control of each parameter allows precise waveform shaping.
As described in the previous section, the CEP of the SWIR-OPCPA is passively stabilized up to residual rms fluctuations of 127 mrad while the CEP of the NIR-OPCPA is actively stabilized to within an rms fluctuation of 135 mrad. To stabilize the relative timing, a feedback loop based on a φ 2 φ 1 Δt Figure 10 . Illustration showing a way to establish the phase coherence between the two OPCPA pulses. The CEPs of the NIR-OPCPA pulses (φ 1 ) and the SWIR-OPCPA pulses (φ 2 ) are first stabilized independently and then the relative timing between the two OPCPA pulses ( t) is stabilized. Precise stabilization of these three parameters is required for coherent synthesis of the two OPCPA pulses, and subsequent control of each parameter allows precise waveform shaping.
BOC is implemented [34] . A BOC is the optical equivalent of a balanced microwave phase detector and is particularly suitable for measuring slow timing drifts with attosecond precision because the balanced detection configuration cancels the amplitude noise. Figure 11 pulses at the combined output. For deviations from this zerodelay configuration of up to ±20 fs, the photodetector signal is linearly proportional to the time difference and thus can be used as the error signal fed to the loop filter in the feedback system ( figure 11(b) ). Furthermore, in the vicinity of the zero crossing, the setup delivers a balanced signal and thus the amplitude noise of each OPCPA output does not affect the detected error signal. Since the balanced operation is key to attosecond precision, it is thus not desirable to offset the locking point as the mechanism to change the relative timing ( t). Instead, the wedge pair in the path to the BOC should be used to change the relative timing ( t) without offsetting the locking point and introducing additional dispersion to the combined output.
Since the OPCPAs and pump laser system are all seeded by a single octave-spanning Ti:sapphire oscillator, the two OPCPA pulses are already synchronized to within environmental fluctuations. Freely running, the system displays a peak-to-peak relative timing drift of 30 fs over a measurement time of 10 s, with the main noise contribution below 30 Hz ( figure 12 ). Feedback control of the SWIR-OPCPA's path length over a bandwidth of 30 Hz reduces the relative timing drift to 250 as, less than 5% of the oscillation period of the SWIR-OPCPA (7.2 fs).
Since these three parameters (the CEP of the NIR-OPCPA, φ 1 , the CEP of the SWIR-OPCPA, φ 2 , and the relative timing between the two OPCPAs, t) significantly influence the synthesized electric-field waveform, it is important to make sure that the residual jitter is sufficiently small to impart only a negligible effect. Figure 13 shows the synthesized electricfield waveform with the rms value of each residual jitter added to the respective parameters (black dotted line) superimposed with the unperturbed waveform (green solid line). To quantify the waveform difference, we calculate the relative squared error (RSE) in a 10 fs time window that covers the main pulse as well as the two satellite pulses. Currently the 250 as relative timing jitter results in the largest waveform change (2.22% RSE), but it can be further reduced using a broader feedback bandwidth.
A two-dimensional spectral-shearing interferometer (2DSI) [43] , a variation of spectral-shearing interferometry [44] , is used to characterize the synthesized pulse. In 2DSI, there is no delay between the two spectrally shifted copies of the measured pulse and thus no spectral interference is present. Rather, the group delay at each wavelength is encoded in the phase of the interference fringes along a wavelengthindependent axis, created by scanning the relative phase between the two spectrally shifted copies (φ gd ). Thus, 2DSI is free from the challenge of calibrating interferometer delay. The two-dimensional intensity plot can be expressed as
where φ(ω) is the spectral phase, is the shear frequency, φ CE is the CEP and τ gd (ω) is the wavelength-dependent group delay. As shown in equation (1), the spectral phases and the relative timing of the two OPCPA pulses can be determined, but not the CEPs as a constant phase is cancelled in the interference of the two spectrally shifted copies. However, the CEPs can be measured in situ when strong-field experiments are conducted. For example, it has been shown that the actual CEP value can be determined by monitoring of the asymmetry between above-threshold ionization spectra obtained at opposite directions with respect to the laser polarization [45] . In this way, the CEPs (φ 1 and φ 2 ) not only can be changed by tuning of any dispersive elements such as the AOPDFs, they can also be determined without ambiguity and with high precision. Figure 14 shows the schematics of the 2DSI. The synthesized pulse is first split by a beam sampler whose second surface is anti-reflection coated. A part of the beam (4%) is Fresnel reflected and only guided via silver mirrors before being mixed in a 40 μm type-II BBO. The other part of the beam (96%) passes through the beam sampler and is highly stretched before being split again by a cube beamsplitter, routed to the BBO and mixed with the unchirped pulse. The portion mixed with the unchirped pulse is purely derived from the NIR-OPCPA to ensure that there is a definite reference for the measured wavelength-dependent group delay throughout the whole spectrum from 700 to 2500 nm. Two collinear, temporally overlapped, but spectrally sheared upconverted pulses are then generated from the mixing of the unchirped pulse and the two chirped pulses. The shear frequency is set at 14.5 THz such that a temporal window over which the pulse can be reliably measured without phase ambiguity is 70 fs. To observe the interference between the two upconverted pulses, which encodes the wavelength-dependent group-delay information, the delay of one of the highly chirped pulses is scanned over a few optical cycles. Due to the strong chirp, the scanning of the delay over a few optical cycles can be approximated as a pure phase modulation (φ gd ). The spectrum of the upconverted signal is recorded as a function of this delay, yielding a two-dimensional intensity plot that is shown in figure 15(a) . The interpretation of the 2DSI data is relatively Figure 14 . Scheme of the 2DSI for characterizing the synthesized pulse. To observe the interference between the two spectrally shifted upconverted pulses, which encodes the wavelength-dependent group-delay information, the delay of one of the highly chirped pulses is scanned by a PZT-mounted mirror over a few optical cycles. Due to the strong chirp, the scanning of the delay can be approximated as a pure phase modulation (φ gd ). straightforward: each spectral component is vertically shifted in proportion to its group delay. Figure 15 (b) plots (dashed lines) the wavelengthdependent group delay of the synthesized pulse extracted from the 2DSI measurement ( figure 15(a) ). It shows that the two OPCPA pulses are temporally overlapped and each is well compressed to within 10% of its transform-limited pulse duration. Figure 15 (c) plots a synthesized electric-field waveform and intensity profile assuming the CEPs (φ 1 = 650 mrad, φ 2 = −750 mrad) optimal for achieving the shortest high-field transient, which lasts only 0.8 cycles (amplitude FWHM) of the centroid frequency (λ c = 1.26 μm). The lower inset of figure 15(c) clearly shows that the synthesized electricfield waveform is non-sinusoidal and the main feature lasts less than an optical cycle. Due to the large gap in the combined spectrum, there are wings 4.8 fs from the central peak as shown in figure 15(c) . As we will show in the following section, for processes initiated by strong-field ionization, these wings have a negligible effect. For more demanding applications, the wings can be suppressed by extension of the coherent wavelength multiplexing scheme to include a third OPCPA, centred at 1.5 μm [46] , to fill the spectral gap.
Attosecond pulse generation
The synthesized waveforms are important for optimizing the HHG process, which is to date the only demonstrated technique for generating isolated attosecond pulses. Due to the inherent half-cycle symmetry of the HHG process, novel techniques such as polarization gating [47, 48] , two-colour gating [49, 50] , ionization gating [51] , double optical gating [52] and ground-state depletion gating [53] are required to produce isolated attosecond pulses when the driving pulse duration is more than an optical cycle. These techniques open up the field of attosecond science, but the efficiency is fundamentally limited because energy outside the gating period is not used. Single-cycle and sub-cycle driving pulses can be used for generating the shortest and most intense isolated attosecond pulses with a given driving pulse energy. Moreover, by shaping the driving pulse one can control the spectral phase of the harmonics, as was shown in a recent study [54] , allowing more control for compressing the attosecond pulses.
As an example, we numerically solve the time-dependent Schrödinger equation (TDSE) for a helium atom in a strong laser field to illustrate a possible use of our source for driving direct isolated soft-x-ray pulse generation (figure 16). The peak intensity of 6 × 10 14 W cm −2 , which can be reached with a beam diameter of 27 μm, is chosen such that the total ionization is below the critical ionization level in helium [55] . The transmission and dispersion of the Sn filter are taken from [56] . Details about the TDSE solver are described in [33] . To gain more insight into the results given by the 3D TDSE simulation, we also calculated the ionization dynamics using the ADK formula (the blue curve in figure 16(a) ) and the classical electron trajectories (overlaid on top of the spectrogram in figure 16(b) ). Electron trajectories from three ionization events, which are labelled by numbers, are calculated and those trajectories that return to the ionized atom are shown in figure 16(b) . For visualization, electrons ionized by the electric field with strength weaker than half of the maximum are neglected since they have negligible contribution to the HHG emission, as confirmed by the TDSE simulation.
With choice of CEPs as shown in figure 16 (a), substantial ionization is limited to one optical half-cycle and an The synthesized pulse isolates the ionization process to a half optical cycle and a continuum spectrum spanning more than 250 eV can be achieved. The isolated soft-x-ray pulse has the same sign of chirp over 80% of the spectrum and so the compression setup can be simplified. (c) The isolated soft-x-ray pulse plotted in the time domain before (blue) and after (black line) a 100 nm thick Sn filter. The Sn filter is chosen for its capability to block the strong IR driving field and the nonlinearly chirped low-photon energy spectral content, and its good transmission in the soft-x-ray range. The filtered isolated soft-x-ray pulse has a FWHM duration of 150 as. isolated soft-x-ray pulse spanning over 250 eV is generated (figures 16(b) and (c)) without the need for gating techniques or spectral filtering which typically limit the efficiency and the obtainable bandwidth. Using an additional Sn filter, which blocks the strong IR driving field and the nonlinearly chirped low-photon-energy spectral content below 70 eV, leads to an isolated 150 as pulse centred at 200 eV. Of note, the nonsinusoidal electric-field waveform leads to drastically changed electron trajectories (compared to those from a sinusoidal driving field) resulting in corresponding changes in quantum diffusion and atto-chirp, which can be controlled by means of the waveform synthesis parameters (φ 1 , φ 2 and t).
In HHG, quantum diffusion and ionization rate are two competing factors in determining the ratio between radiation from long and short electron trajectories. While quantum diffusion always favours the short trajectories, when the HHG process is driven by conventional sinusoidal electric-field waveforms, the stronger ionization rate for the long trajectories results in significant radiation from electrons of both trajectories. For the example shown Figure 17 . Scheme of the future scaled-up system. The demonstrated system is the prototype of a class of novel optical tools for attosecond control of strong-field physics experiments and it can be further scaled up in both optical bandwidth and pulse energy to fulfil the requirements of more demanding applications. BOC: balanced optical cross-correlator; NL: nonlinear effect.
in figure 16(b) , where a sub-cycle waveform is used, the difference in travel time between long and short trajectories is increased. In addition, the ionization contribution to short trajectory radiation is boosted. Overall, quantum diffusion dominates over the ionization rate and effectively eliminates the radiation from long trajectories, resulting in isolated soft-x-ray pulse generation solely from short trajectories. This gives an example of the capability of our light source to simultaneously isolate the ionization process and manipulate electron trajectories within an optical cycle, allowing unprecedented control of the HHG process.
Conclusion
The concept and technology demonstrated here can be further scaled in both energy and bandwidth to expand its applicability to strong-field physics experiments. Pumped with a picosecond cryogenically cooled Yb:YAG laser, the pulse energy of the SWIR-OPCPA was recently scaled up to 850 μJ [57] . In addition, since the feedback loop used for relative timing stabilization requires only a 30 Hz bandwidth, the system can be further scaled up to higher pulse energy at even lower repetition rate.
To avoid damage in the high-energy, picosecond Yb:YAG CPA system [58] , a stretcher with a chirp rate of 1 ns nm −1 , which is twice as high as that of the current CFBG, is required. Besides, it has to be free of group-delay ripple (GDR) to ensure high quality of the stretched and re-compressed pulses [59] . Based on numerical modelling, we find that both amplitude and phase responses of the CFBG need to be carefully designed to prevent pulse distortions. Specifically, the GDR of the CFBG needs to be below 20 ps peak-peak deviation and the reflection amplitude shape must be closely approximated by a Gaussian profile. We note that CFBGs with low GDR have been extensively developed for applications in optical communication systems [60] and thus we are confident that superior performance can be achieved. Figure 17 shows a schematic of a proposed scaled-up system. It comprises a number of OPCPAs seeded by a single CEP-stabilized light source both directly and through nonlinear effects which preserve the CEP stability such as intrapulse DFG, self-phase modulation and Raman shifting. The OPCPA pulses are combined in custom-made DM and the BOC-assisted feedback loops stabilize the relative timing. Different from the simple coherent beam combination of identical optical amplifiers, which leads to a linear peak-power scaling with the number of sub-modules, the proposed system increases the peak-power quadratically since both energy and bandwidth scale linearly with the number of sub-modules.
In conclusion, we have presented a scalable waveform synthesis scheme based on fully controlled coherent wavelength multiplexing of high-energy, few-cycle optical pulses from multi-colour OPCPAs. Currently, the system generates a non-sinusoidal waveform that can be used to drive physics experiments with an isolation of the strongfield phenomenon to a single optical cycle. The pulse energy is 15 μJ with the spectrum spanning close to two octaves, and a numerical study shows the uniqueness of our source for direct isolated soft-x-ray pulse generation based on HHG, eliminating the need for gating techniques or spectral filtering. In addition to this application, this new high-intensity laser architecture can be applied to optical field-emission [61] , tunnelling ionization studies [62] , time-resolved spectroscopy
